We present magnetic penetration depth and electrical transport data in single crystals of quasione-dimensional (q1D) Tl2Mo6Se6, which reveal a 1D→3D superconducting dimensional crossover. The c-axis penetration depth shows the onset of superconducting fluctuations below T ons 1D = 6.7 K, whereas signatures of superconductivity in the ab-plane penetration depth -a uniquely sensitive probe of the transverse phase stiffness -only emerge below T ons 3D = 4.9 K. An anomalously low superfluid density persists down to ∼3 K before rising steeply, in agreement with a theoretical model for crossovers in q1D superconductors. Our data analysis suggest that a sequence of pairing and phase fluctuation regimes controls the unusually broad superconducting transition. In particular, the electrical resistivity below T ons 3D is quantitatively consistent with the establishment of phase coherence through gradual binding of Josephson vortex strings to form 3D loops. This dimensional crossover within the superconducting state occurs despite the relatively large transverse hopping predicted from band structure. Our results have important consequences for the low-temperature normal state in Tl2Mo6Se6 and similar q1D metals, which may retain one-dimensional behavior to lower temperatures than expected from theory.
I. INTRODUCTION
Quasi-one-dimensional (q1D) materials can be regarded as arrays of parallel one-dimensional (1D) chains with a weak transverse coupling between chains. Although long-range electronic order would be suppressed by fluctuations in a perfectly 1D material 1,2 , inter-chain hopping in q1D systems always becomes relevant at sufficiently low temperatures [3] [4] [5] . This inter-chain hopping/coupling drives a dimensional crossover from 1D (intra-chain) to 2D or 3D (intra and inter-chain) behavior, depending on the array anisotropy.
Several compelling reasons exist to study such crossovers. For example, q1D materials provide a unique experimental access to theoretically tractable models for electron-electron (e − -e − ) correlations in higher dimensions 6 , but remain poorly understood 7 . Interactions between 1D charge and/or spin stripes also influence the behavior of many complex materials, including cuprate superconductors and magnetic nickelates [8] [9] [10] . In particular, arrays of nanoscale stripes provide an attractive method of enhancing superconducting transition temperatures via resonant confinement effects 11, 12 . Understanding the process by which such stripes couple to form longrange ordered states is therefore of great importance.
Dimensional crossover out of a 1D state is primarily governed by the transverse electron hopping integral t ⊥ 13 . In the non-interacting limit, coherent singleparticle inter-chain hopping occurs for temperatures lower than t ⊥ /k B . The presence of e − −e − interactions renormalizes this crossover to lower temperatures, and for sufficiently strong correlations, single-particle hopping becomes irrelevant. However, a lack of singleparticle hopping does not preclude the establishment of long range order, since coherent two-particle hopping eventually occurs below a characteristic temperature T x2 , controlled by a combination of the anisotropy, interaction strength and binding energy [14] [15] [16] [17] . This creates a ground state featuring ordered pairs, i.e. a superconductor or density wave, at a temperature T c below T x2 18 . Two-particle crossovers are rare 19, 20 and largely unexplored, since most q1D materials studied to date exhibit large t ⊥ 100 K and/or weak pairing instabilities, hence undergoing single-particle dimensional crossover in their normal (metallic) states [21] [22] [23] . In this paper, we investigate possible two-particle mediated dimensional crossover to a superconducting ground state in the q1D material Tl 2 Mo 6 Se 6 .
If superconductivity in a q1D material emerges directly from a normal state which is a 1D electron liquid, the superconducting transition is expected to be radically different from the narrow mean-field transitions observed in 3D materials 3 . The temperature at which pairing occurs within individual chains, T p , is independent of the interchain Josephson coupling temperature T x2 -if T x2 < T p , we anticipate a broad "two-step" superconducting transition 24 . Fluctuating 1D superconductivity initially develops below T p , but only exhibits local intra-chain phase coherence. As temperature is further reduced, dimensional crossover to 3D superconductivity (featuring transverse phase coherence) begins at T x2 , with a zero-resistivity Meissner state only attained at an even lower temper- Crystal structure of M2Mo6Se6, viewed at an oblique angle close to the c-axis. The space group is hexagonal P 63/m with the a and c axis lattice parameters equal to 8.94Å and 4.50Å respectively in Tl2Mo6Se6. The seven (Mo6Se6)∞ chains illustrated above have been cut at a length of 25 unit cells to preserve clarity. An optical micrograph of a typical Tl2Mo6Se6 crystal is also shown. ature T c < T x2 . The nature of the phase fluctuations in the 1D phase, and possible topological characteristics of the phase ordering below T x2 remain unclear. Our present work aims to clarify these issues.
Recently, anomalously broad transitions have been observed in a variety of crystalline q1D superconductors [24] [25] [26] [27] [28] [29] . The M 2 Mo 6 Se 6 family 30 (M is a Group IA or IIIA cation) are of key interest, since they possess ideal 1D Fermi surfaces whose warping, and hence t ⊥ , can be tuned by varying the M ion 26, 31, 32 . The anisotropic crystal structure and typical geometry are shown in Fig. 1 : M 2 Mo 6 Se 6 is composed of infinite-length (Mo 6 Se 6 ) ∞ chains, oriented along the crystallographic caxis. These chains can be considered as linear condensations of the Mo 6 Se 8 Chevrel-type cluster, a building block for low-dimensional short coherence length superconductors 33, 34 . The M ions lie in the channels between the chains, hence facilitating inter-chain coupling. Crucially, M 2 Mo 6 Se 6 are isotropic in the ab plane and should therefore crossover directly into a 3D state at low temperature rather than passing through an intermediate 2D regime.
Tl 2 Mo 6 Se 6 was the first superconducting member of M 2 Mo 6 Se 6 to be discovered 35 , has the highest transition temperature (T c ∼ 4.2 K) and does not exhibit disorder-induced localization since the Tl vacancy population is low (typically ≤ 5%) 31 . Previous transport experiments revealed broad superconducting transitions with an onset temperature ∼ 6.7 K, [25] [26] [27] and an unusual non-zero differential resistance plateau within the transition 27 . Measurements in the related (yet considerably more anisotropic) Na 2−δ Mo 6 Se 6 displayed evidence for 1D phase fluctuations in a similar region of the transition 24 . However, the resistivity eventually falls to zero and a Meissner effect emerges, indicating the formation of a 3D phase-coherent ground state. These observations are consistent with a two-step superconducting transition and its associated two-particle dimensional crossover.
A serious challenge to this two-step scenario is posed by DFT calculations, which yield t // ∼ 12000 K, t ⊥ ∼ 230 K in Tl 2 Mo 6 Se 6 24,26 . The fact that t ⊥ ≈ 50T c implies that the low-temperature normal state should be an anisotropic Fermi liquid, with coherent single-particle hopping between (Mo 6 Se 6 ) ∞ chains. A sharp transition would then be expected, subject to limited broadening from 3D fluctuations 36 . Sharp transitions are indeed observed in other q1D superconductors such as Bechgaard salts 37 and purple bronze 38 (which exhibit comparable t ⊥ ∼ 100 K) as well as chromium pnictides 39 . It is therefore important to (a) clarify whether a true 1D→3D crossover is causing the broad transitions observed in M 2 Mo 6 Se 6 and (b) investigate the mechanism by which a 3D phase-coherent ground state is established.
To resolve these puzzles, we track the evolution of the anisotropic phase stiffness in Tl 2 Mo 6 Se 6 using a uniquely sensitive tunnel diode oscillator (TDO) technique. The normalized superfluid densities ρ s ab,c ∝|Ψ| 2 are proportional to the phase stiffness and can be extracted from the measured temperature-dependent magnetic penetration depths λ ab,c (T ). Our main discovery is that interchain phase coherence only emerges at a temperature T ons 3D = 4.9K which is lower than the onset of local intrachain coherence at T ons 1D = 6.7 K. This supports the presence of a 1D→3D dimensional crossover at T x2 ≡ T ons 3D
in Tl 2 Mo 6 Se 6 , in spite of the large t ⊥ . Our observations are qualitatively consistent with a theoretical study of superfluid density within a fully microscopic effective model, which incorporates a strong anisotropy between in-plane and c-axis hopping integrals. Comparing penetration depth and electrical transport data suggests that the superconducting transition in Tl 2 Mo 6 Se 6 comprises a sequence of fluctuation regimes. Notably, the resistivity displays signatures of an exponentially-diverging correlation length below T ons 3D , implying that vortex binding plays an important role in a topological 3D phaseordering process.
Our paper is organized as follows: in Sec. II we describe the application of our penetration depth technique to q1D superconductors, before presenting our results for the anisotropic λ ab,c (T ), ρ s ab,c (T ) and a representative calculation for the theoretical superfluid density in a q1D material. We correlate these data with c-axis resistivity measurements in Sec. III, and we discuss the phase ordering below the dimensional crossover in Section V. Our findings are summarized in Sec. V, where we briefly outline the consequences of our results for the normal state in Tl 2 Mo 6 Se 6 and other q1D metals.
II. ANISOTROPIC MAGNETIC PENETRATION DEPTH
TDO techniques 40 have previously been used to measure the superfluid density of a variety of exotic superconductors [41] [42] [43] [44] , but have rarely been employed in q1D materials 45 and never in a superconductor with a puta-tive two-step transition. It is therefore useful to discuss how a TDO experiment is influenced by q1D physics. The TDO functions as an extremely sensitive ac susceptometer, whose resonant frequency changes due to flux exclusion from a superconducting sample placed inside a detection coil. Below the superconducting transition temperature, it can be shown that the change in the diamagnetic susceptibility ∆χ(T ) = χ(T ) -χ (0.35 K) is related to the change in the oscillator resonant frequency ∆f (T ) as follows:
which in turn gives
where ∆λ(T ) = λ(T ) -λ(0.35 K) is the change in the magnetic penetration depth. We measure relative to λ(0.35 K) since this is the minimum temperature achievable in our apparatus. G is a calibration factor depending on the solenoid and sample geometry, which is determined by comparison with a reference Al sample 47 , while R 3D is the effective sample dimension estimated using a standard approach for samples with rectangular crosssection 48 . Complete details of our experimental setup may be found elsewhere 49 . Figure 2 illustrates the flux penetration profiles and screening currents flowing in a q1D superconductor, for magnetic fields H applied parallel or perpendicular to the high symmetry c-axis. For H//c, screening is entirely due to inter-chain (Josephson) supercurrents and and the flux penetration is described by a single lengthscale λ ab . Measurements in this field configuration hence provide a highly sensitive probe of transverse phase coherence. In contrast, for H//ab the screening currents comprise both intra and inter-chain components. We therefore measure an effective penetration depth ∆λ ef f , which contains contributions from both in-plane ∆λ ab and out-of-plane ∆λ c . Since ∆λ ab can be extracted from our H//c dataset, we extract ∆λ c using the relation (∆λ ab /t) + (∆λ c /w) = (∆λ ef f /R 3D ) derived by Prozorov et al. 50 , where 2t and 2w represent the sample length and diameter respectively. In a q1D crystal w t, and so ∆λ ef f will naturally be dominated by ∆λ c . Measurements with H//ab are hence primarily sensitive to intra-chain coherence and phase slips. By measuring in both field orientations and comparing the evolution of ∆λ ab,c (T ) through the transition, we can determine the dimensionality and phase stiffness of the superconducting condensate.
TDO penetration depth measurements were performed on a needle-shaped Tl 2 Mo 6 Se 6 single crystal, with length ∼1.5 mm and diameter ∼0.070 mm. The crystallographic c-axis corresponds to the morphological needle axis. The crystal growth and characterization procedures have been described previously 26, 30 . Figure 3 shows ∆λ ab,c (T ) for Tl 2 Mo 6 Se 6 from 0.35 K to 9 K, extracted from the We consider a single crystal of length 2t and diameter 2w, which can be regarded as a bundle of weakly-coupled filaments. For H parallel to the filaments (left), the circulation of Meissner screening currents is entirely reliant on inter-chain Josephson coupling and hence negligible screening is anticipated for temperatures T Tx2. Flux penetrates a relatively large distance λ ab into the crystal, leading to a weakened diamagnetic susceptibility |χ| < 1. For H perpendicular to the filaments (right), the screening currents flow predominantly parallel to the filaments. In the 1D regime at T > Tx2 flux screening will be substantially weakened, due to the lack of Josephson coupling and the spontaneous formation of 1D phase slips where the amplitude of the order parameter |Ψ| 2 fluctuates to zero. The diameter of the filaments and the spatial extent of a phase slip have been enlarged for clarity: phase slips occur over a lengthscale ξ // ∼ 100 nm, which is 4 orders of magnitude shorter than the typical length of a Tl2Mo6Se6 crystal yet 2 orders of magnitude larger than the filamentary diameter.
TDO resonant frequency shift ∆f (T ) using Eq. (2), with H ac ∼ 50 mOe. It is immediately clear from the ∆λ c (T ) curve that the superconducting transition is unusually wide, stretching from ∼2.6-6.7 K, despite the small applied field. However, the observed transition width has proved robust in measurements on other Tl 2 Mo 6 Se 6 crystals, and previous dc magnetization data in Tl 2 Mo 6 Se 6 show similarly broad transitions 27 . Converting ∆f (T ) to diamagnetic susceptibility using Eq. (1) yields effective superconducting volume fractions ∼39% for H//c and ∼99% for H//ab, as shown in the inset of Fig. 3 . This is in line with theoretical expectations for q1D superconductors with λ ab λ c as well as early magnetization experiments on Tl 2 Mo 6 Se 6 51 . The principal message from these data is that the apparent onset temperature for the superconducting transition varies with field orientation:
• T is defined as the intersection point of the extrapolated linear regions immediately before and after ∆λc(T ) (∆λ ab (T )) starts to fall from its normal state value. Close inspection reveals a very faint anomaly in ∆λ ab (T ) at T ons 1D : less than 1% of the total ∆λ ab . This is likely due to an error in the crystal alignment with the ac excitation field, whose accuracy we estimate to be within ±1% in our apparatus. The inset shows the anisotropic magnetic susceptibilities 4πχ(T ) for H//c and H//ab, obtained using Eq. (1) with 4πχ(6.75 K) = 0.
tion scenario, where (1) local intra-chain phase coherence is visible in λ c (T ) at higher temperatures than the (2) Josephson-mediated inter-chain coherence that establishes 3D long-range order, and which controls λ ab (T ). The magnetic properties of the transition therefore support the presence of a fluctuating 1D regime for T ons 3D < T < T ons 1D . In addition to providing clear evidence for dimensional crossover in Tl 2 Mo 6 Se 6 , our data also reveal a point of inflexion in ∆λ c (T ) at T p ∼ 5.9 K, whose likely origin will be discussed in section III.
Converting our ∆λ(T ) data to normalized superfluid densities ρ
] using λ ab (0) = 1.5 µm and λ c (0) = 0.12 µm (obtained from earlier magnetic and thermodynamic data 26 ), we plot ρ s ab,c (T ) in Fig. 4 . In the absence of any models specific to q1D geometry in the literature, we fit ρ s ab,c (T ) using a conventional 3D s-wave model in the clean and local limits 52 :
where
1/2 is the Bogoliubov quasiparticle energy. We consider a Bardeen-Cooper Schrieffer (BCS)
Normalized low temperature superfluid densities ρ temperature dependence for the gap ∆(T ) of the form for ∆λ ab and ∆λ c respectively (Fig. 3) . This implies that the phase stiffness is anomalously weak at higher temperatures, i.e. the ground state is prone to phase fluctuations.
To partially overcome the limitations imposed by a uniform 3D model, we have developed a single-band microscopic tight-binding model for a q1D s-wave superconducting array. Anisotropy is introduced by varying the ab-plane and c-axis hopping integrals t ⊥ , t // , as well as the pairing interactions within and between q1D chains, g intra , g inter . Within our model, the crossover temperature is controlled by the strength of a proximity effect whose energy scale is represented by the inter- wire pairing interaction g inter -this corresponds to the Josephson energy in a q1D superconductor such as Tl 2 Mo 6 Se 6 . The model Hamiltonian was diagonalized by self-consistently solving the Bogoliubov-de Gennes (BdG) equations in real space, and the superfluid density then evaluated in terms of the BdG eigenfunctions 54 . Figure 5 shows the normalized in-plane and c-axis superfluid density. The results demonstrate that with strongly anisotropic hopping integrals and pairing interactions, the jump in ρ s (T ) is suppressed to temperatures well below the onset of superconductivity. A low plateaulike feature extends up towards the transition temperature, similar to the weak tails in our experimental ρ s (T ). These calculations are compatible with the two-step scenario exposed by our data, illustrating that the superfluid density only rises rapidly once 3D phase coherence has been established below the dimensional crossover temperature.
It is important to note that our microscopic model does not include phase fluctuations, since these are computationally prohibitive. For this reason, we cannot reproduce all the attributes of our experimental dataset, in particular the anisotropic onset temperatures T ons 1D , T ). We will consider the possible origins of this feature while discussing the phase ordering mechanism in Sec. IV. Fig. 6(a) .
III. ELECTRICAL TRANSPORT
For the lowest bias current I = 0.05 mA, the transition in Tl 2 Mo 6 Se 6 is unusually wide, stretching from 4.4 K to 6.7 K. The existence of a broad regime of 1D fluctuations is supported by the 1D Ginzburg-Levanyuk criterion 36, 55 :
where we set S as the cross-sectional area of a (Mo 6 Se 6 ) ∞ filament, ∆C is extracted from our fit to ρ s c (T ) (Fig. 4) , and the Sommerfeld coefficient γ = 0.13 mJ gat −1 K −226 , yielding a critical region of width G 1D T p = 1.5 K, similar to ∆T = T ons 1D −T ons 3D = 1.8 K from our data. In contrast, if we assume that the fluctuations are 3D, we obtain a critical region of width G 3D T p ∼ 0.1 mK, which is four orders of magnitude too small to explain our data 25 . Hints of multiple energy scales also emerge as bumps and points of inflexion in R c (T ), unlike the sharp drops to zero seen in the resistivity of 3D superconductors. We recall that low-dimensional or inhomogeneous superconductors can exhibit sequences of fluctuation regimes with differing physical origins or dimensionalities, even within sub-kelvin temperature ranges 36, 56, 57 . Superposing the key temperatures identified from ∆λ ab,c (T ) (Fig. 3) onto R c (T ), several patterns emerge:
• T ons 1D = 6.7 K is the onset temperature for the transition seen in both ∆λ c (T ) and R c (T ).
• T p ∼ 5.9 K corresponds to a point of inflexion in both ∆λ c (T ) and R c (T ).
• T ons 3D = 4.9 K (the onset temperature for the transition seen in ∆λ ab (T )) corresponds to a kink in R c (T ), i.e. a discontinuity in dR c /dT . Near this temperature, R c (T ) also starts to exhibit a strong current dependence which is absent closer to T ons 1D .
The zero resistance state associated with long range order in q1D superconductors is primarily destroyed by thermal phase fluctuations, since the transverse phase stiffness is the smallest energy scale which can perturb the ground state 3, 58 . However, there is no unanimouslyaccepted theory for the fluctuation conductivity of a q1D metal undergoing dimensional crossover into a superconducting ground state, since 1D electron liquids cannot develop order parameters with well-defined amplitude and phase. In an attempt to circumnavigate this limitation, we analyze the different fluctuation regimes evident in R c (T ) by treating Tl 2 Mo 6 Se 6 as an array of weakly-coupled superconducting nanowires. Upon cooling, each nanowire will first be subject to AslamazovLarkin (AL) pairing fluctuations 59 (since the pairing energy ∆ is the largest relevant energy scale), followed by 1D phase slips [60] [61] [62] prior to dimensional crossover. Our data reveal AL fluctuations of dimensionality D = 0.9 ± 0.24 for T p T T ons 1D (Fig. 6b) , and are well described by a 1D model combining thermal and quantum phase slips for T ons 3D T T p (see Appendix for details and fit parameters). We estimate a total crystal cross-section X = 2.5×10 −9 m 2 from the AL scaling, in good agreement with the measured cross-sectional area ∼3.8×10 −9 m 2 considering that current flow through q1D metals is rarely homogeneous due to microscopic cracks and disorder 24 . Furthermore, the pairing temperature obtained independently from the phase slip fitting lies consistently in the 5.9-6.1 K range, supporting our identification of T p ∼ 5.9 K as the pairing temperature in Tl 2 Mo 6 Se 6 . Our analysis leads us to a striking conclusion: despite its homogeneous monocrystalline nature, above T ons 3D , Tl 2 Mo 6 Se 6 experiences strong 1D fluctuations similar to a bundle of weakly-coupled superconducting nanowires [63] [64] [65] [66] . As the temperature falls below T ons 3D ∼ 4.9 K, the phase slip fits fail due to a pronounced "hump" in R c (T ). Similar humps have previously been observed in a variety of q1D and 2D superconductors as well as Josephson junction arrays; they are usually interpreted as a combination of inhomogeneity and pair-breaking effects in materials where phase coherence is established via a vortex-binding transition 24, [67] [68] [69] . As we will demonstrate in section IV, our data indeed provide further evidence for the emergence of vortices in Tl 2 Mo 6 Se 6 for T T ons 3D . We also point out that R c (T ) develops a strong current dependence below T ≈ 5.4 K, which is accentuated by the hump below T ons 3D . The enhanced effects of an applied current correspond to the transition from robust pair fluctuations to fragile phase excitations of increasing topological complexity.
IV. PHASE ORDERING AT THE DIMENSIONAL CROSSOVER
Having provided evidence for 1D superconducting fluctuations below T ons 1D , we finally examine the establishment of 3D superconductivity below T ons 3D . We consider Tl 2 Mo 6 Se 6 as an array of Josephson-coupled superconducting chains, which can be modelled within a coarsegrained lattice approximation as follows 70 :
where ij denotes a sum over neighbouring lattice sites i, j and 0 < θ i < 2π is the phase of the superconducting wavefunction at site i which satisfies XY symmetry. J ij is an anisotropic energy scale describing the phase stiffness: for i, j within the same chain, J ij ≡ J // ∝ ρ s c , whereas J ij ≡ J ⊥ ∝ ρ s ab for i, j on neighbouring chains. In the limit J ⊥ J // , we recover the well-known 3D XY model which describes phase transitions in many q2D materials 71 . In contrast, J ⊥ J // for q1D superconductors and so the anisotropy is reversed. In this case, the model still exhibits two characteristic types of excitations: long wavelength phase fluctuations and vortex 72 . The long wavelength fluctuations only become relevant at low temperatures well below the phase ordering, and we will not discuss them further here. As the temperature rises, small vortex loops thermally fluctuate into existence: their average diameters increase with temperature. At the phase transition temperature T c , the largest loops "blow out" to form free vortex strings and transverse phase coherence is lost.
Vortex loops in a q1D superconductor are ellipses, whose axes are oriented at an angle α to the c-axis. The two limiting cases α = 0, π/2 are depicted in Fig. 7(a,b) : for α = 0 the major axis of the ellipse is parallel to c, whereas the loop forms a circle in the ab-plane for α = π/2. The vortex fugacity, i.e. the thermodynamic propensity towards vortex formation, will be maximal for α = 0, since the core energy is smaller by a factor O(λ 2 ab /2λ 2 c ) ≈ 78 in this orientation 26, 72 . The eccentricity of the ellipse (i.e. the ratio between the major and minor axes) can be approximated by the anisotropy parameter λ ab /λ c ≡ ξ // /ξ ⊥ ≈ 13. This large anisotropy implies that the majority of each vortex loop or string will lie parallel to the c-axis. Above T c , the length (and hence energy) of the vortex strings is prevented from diverging by 1D phase slips, as shown in Fig. 7(c) : each slip changes the phase by 2π and can hence act as a source or sink for a string. The 3D phase fluctuations in the critical region T c < T < T ons 3D are therefore controlled by the interactions and binding between vortex strings which are predominantly oriented along the c-axis.
The interaction potential between two antiparallel vortex strings diverges logarithmically with their separation, just like the interaction between vortices and antivortices in the 2D XY model leading to the BerezinskiiKosterlitz-Thouless transition. This logarithmic dependence creates an exponential divergence in the correlation length, which results in an exponential dependence of the electrical resistivity above the phase ordering temperature. In a q1D superconductor, exponential behavior will only be visible within a narrow temperature range above T c , with a lower cut-off due to finite size effects limiting the divergence of the phase correlation length ξ ⊥ 73 . Two distinct finite size effects may play a role here: ξ ⊥ exceeding either the crystal dimensions, or the maximum possible lengthscale for vortex-vortex interactions 2λ ab . The finite interaction length 2λ ab is likely to influence vortex dynamics in macroscopic Tl 2 Mo 6 Se 6 crystals.
In Fig. 8(a) , we demonstrate the presence of exponential behaviour in R c (T ) over a temperature
1/2 scaling (where b is a material constant) originally predicted for 2D superconductors 74 . Similar signatures of an exponentially diverging transverse correlation length were previously observed in 4Å carbon nanotube composites 64 as well as Na 2−δ Mo 6 Se 6 24 , and additionally seen in Monte-Carlo simulations 75 . We therefore believe this behavior to be a reproducible and generic signature of vortex-mediated phase ordering: as ξ ⊥ diverges, vortex/anti-vortex strings are bound into increasingly large loops, thus establishing global phase coherence. Extrapolating this exponential regime to R c = 0 allows us to estimate the temperature T c at which phase order is established in the ab plane, and a 3D superconducting ground state is achieved 76 . The inset to Fig. 8(a) shows that T c falls as the measurement current rises, suggesting that elevated currents break the vortex loops and suppress phase ordering.
We anticipate that sufficiently large currents may break vortex loops even at temperatures below the dimensional crossover, leading to a characteristic powerlaw "rounding" in V (I) curves for Tl 2 Mo 6 Se 6 77 . Figure 8(b) shows V (I) data for the same crystal, plotted on a log-log scale to highlight the V ∼ I α power-law behavior We plot the temperature-dependent exponent α(T ) in Fig. 8(c) : α ≈ 1 at high temperature, corresponding to the expected Ohmic behaviour for a metal, but begins to rise smoothly below T ons 3D ∼ 4.9 K. In 2D materials α(T ) jumps sharply at T c , defined as T (α = 3): this is the well-known Nelson-Kosterlitz jump in the superfluid density 78 . However, in materials featuring 3D vortex loops rather than 2D vortex pairs (e.g. q1D and q2D superconductors), the discontinuity at α = 3 is expected to be smeared into a gradual increase 70 , although T (α = 3) should still provide a useful estimate for T c . Furthermore, outside the 2D limit α(T ) is no longer expected to scale with the superfluid density, but instead characterizes the short-lengthscale vortex binding strength 71 . Our data are entirely compatible with this scenario: α(T ) climbs smoothly through T (α = 3) = 4.2 K, within the range 3.8 K < T c < 4.4 K indicated by the exponential scaling in R c (T ). Our observations of power-law V (I) scaling and an exponential resistivity regime constitute two independent signatures of the role of vortices in establishing phase coherence at the dimensional crossover. As the temperature is reduced further, α(T ) only begins to saturate below T ≈ 3 K, corresponding to the approximate temperature where ρ s ab,c (T ) begin to rise (Fig. 4) . This confirms that phase coherence remains fragile and topological phase excitations persist down to ∼ 3 K, well below the dimensional crossover.
An additional factor likely to contribute to the anomalously low superfluid density for T 3 K is the ratio of λ ab to the crystal dimensions. Vortex binding transitions in superconductors may only be observed when 2λ the sample width: if this condition is not fulfilled, vortices are unable to interact at large length scales and so a finite population of unbound vortices/antivortices may persist even below the nominal phase-ordering temperature 73 . Weak pinning of the vortices (e.g. by inhomogeneity or disorder) still allows a zero resistance state to be established, albeit with a low critical current. In Tl 2 Mo 6 Se 6 , λ ab (T ) is of a similar size to the crystal width (70 µm) close to T c and so vortices can interact and effectively bind in the ab plane throughout the majority of the crystal cross-section. However, vortex interactions in the ac or bc planes are distance-limited since λ ab is much smaller than the crystal length (1.5 mm). This could explain the lower apparent transition temperature for ρ s c (T ) compared to ρ s ab (T ) from our BCS fitting (Fig. 4) . Although the absolute ρ
ab , the fact that vortices cannot interact and bind along the c-axis over distances approaching the crystal length may reduce the c-axis phase stiffness and hence the normalised ρ s c . Our data therefore hint at the existence of unpaired, weakly-pinned vortex strings at zero magnetic field following dimensional crossover in macroscopic q1D superconductors.
V. CONCLUSIONS
Magnetic penetration depth measurements in q1D Tl 2 Mo 6 Se 6 are consistent with a two-step superconducting transition, in which local phase coherence within individual 1D superconducting filaments is established at a higher temperature than global (inter-chain) coherence, i.e. T ons 1D > T ons 3D . A 1D→3D dimensional crossover therefore occurs within the superconducting state. The measured superfluid density remains small at temperatures well below the onset of superconductivity before rising steeply at lower temperature, consistent with our calculations using a q1D microscopic model. Electrical transport measurements provide further support for 1D superconductivity above T ons 3D , and suggest that homogeneous q1D crystals exhibit a similar sequence of fluctuation regimes to those expected in nanowire arrays. We identify T ons 3D as the two-particle mediated dimensional crossover temperature T x2 , i.e. below T ons 3D , power-law V (I) curves and an exponential resistivity regime indicate that global phase coherence is established via a topological process in which c-axis vortex strings are bound to form 3D loops.
The broad two-step transitions which we observe orig-inate from the extreme uniaxial anisotropy of the crystal structure in Tl 2 Mo 6 Se 6 rather than any extrinsic mechanism. In particular, inhomogeneity or random disorder (which are common causes of anomalous broadening in superconducting transitions) can be excluded. Macroscopic inhomogeneity cannot be reconciled with our single-gap BCS fits to ρ s ab,c (T ), the smooth evolution in ∆λ ab,c (T ) or the weak current dependence of R(T ) close to T ons . Moreover, random effects are inconsistent with the robust observation of similar two-step transitions in multiple Tl 2 Mo 6 Se 6 crystals (and Na 2−δ Mo 6 Se 6 ) spanning a decade [24] [25] [26] [27] . Our discovery of a two-particle superconducting dimensional crossover within the superconducting state implies that coherent single-particle inter-chain hopping is suppressed in the normal state. Several causes for such a suppression may be envisaged. Firstly, the true inter-chain hopping integral t ⊥ could be far smaller than that predicted by DFT calculations, and/or the e − − e 31 , it remains unclear whether a dynamic density wave could quench single-particle inter-chain hopping while maintaining the observed T -linear metallic resistivity 26 . Another possibility which merits consideration is the opening of a high temperature spin gap, which would gap the single-particle excitation spectrum while preserving metallic charge transport. We hope that our results will stimulate a search for hidden order within the normal state of M 2 Mo 6 Se 6 , which has long been hypothesized 81 yet never observed. Very recently, Tl 2 Mo 6 Se 6 is firmly back in the spotlight thanks to an exciting prediction of topological superconductivity 82 as well as the fascinating possibility of simulating the topological phase-ordering within a lattice of 1D fermion tubes. Such cold atom systems could be used to test the breakdown in 1D Tomonaga-Luttinger theory and concomitant dimensional crossover due to finite transverse coupling. 83 In this light, our rigorous experimental contributions to this largely unexplored field appear particularly timely and important.
Finally, our work indicates that in addition to showcasing a highly-unusual dimensional crossover from 1D to 3D superconductivity, q1D superconductors such as Tl 2 Mo 6 Se 6 provide a unique environment to study topological phase ordering in systems obeying XY symmetry. Here, comparison with theory and experiment in analogous cold atom models may prove especially fruitful 84 . The negligible superfluid density which we observe from ∼3K-4.9K furthermore suggests that vortex loops and strings persist over a wide temperature range within the superconducting state. Although spatially imaging these topological defects remains a considerable challenge in q1D materials, we suggest that the combination of weak phase stiffness and uniaxial symmetry could render Tl 2 Mo 6 Se 6 an ideal candidate for laboratory simulations of 1D cosmic string formation/propagation via the Kibble-Zurek mechanism 85 .
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VI. APPENDIX A. Aslamazov-Larkin pairing fluctuations
Thermally-induced pairing fluctuations in a superconductor create a paraconductivity described by the Aslamazov-Larkin (AL) model 59, 86 :
where ∆σ = σ(T ) − σ N (T ) is the excess conductivity relative to the normal state, A is a constant, T c is the mean-field transition temperature and λ describes the dimensionality D of the superconducting phase, with λ = 2 − D/2 = 1.5 for 1D AL fluctuations. σ N (T ) is obtained from a linear fit to σ(T ) from 7-10 K and A = e 2 ξ 0 / X can be evaluated from the crystal cross-sectional area X.
The concept of a mean-field T c has no meaning in a two-step superconducting transition where pairing is established before phase coherence. Determining the appropriate temperature to use as T c in an AL fit to our data is therefore not obvious: we must identify the highest temperature at which electrons are paired and locally phase coherent within individual (Mo 6 Se 6 ) ∞ chains. Below this temperature, the transition is broadened by intra-chain phase slips and (eventually) inter-chain phase fluctuations. The point of inflexion T p = 5.9 K is an appealing candidate for this crossover between pairing and phase fluctuations: this choice is eventually justified by our observation of AL scaling above T p and 1D phase slips at lower temperature.
We first determine the presence and dimensionality of AL fluctuations by setting T c ≡ T p in Eqn. 7, then plotting ln(∆σ) vs. ln(T /T p − 1) (Fig. 6(b) ). ln(∆σ) falls rapidly as ln(T /T p − 1) → 0, which we attribute to short wavelength pair fluctuations controlling the paraconductivity in the high temperature limit 87 . A broad linear regime emerges below 6.6 K with a slope λ = 1.55±0.12, corresponding to dimensionality D = 0.9 ± 0.24. Approaching T p = 5.9 K, ln(∆σ) saturates, implying a change in the nature of the fluctuations, i.e. the impending crossover to a phase-slip dominated regime. Pairing fluctuations should also influence Na 2−δ Mo 6 Se 6 , but in this material the localization-induced divergent normal state resistance 24 masks the emergence of any AL component.
B. Phase slips in q1D superconductors
Phase slips are topological excitations unique to 1D superconductors, in which the amplitude of the order parameter |Ψ| 2 fluctuates to zero over a lengthscale ξ // (T ) with a concomitant "jump" in the phase by 2π [60] [61] [62] . They are caused by thermal activation (TAPS) or quantum fluctuations (QPS), with thermal effects vanishing as T → 0.
Recently a generalized thermally-activated phase slip (TAPS) theory has been successfully used to model R c (T ) data in macroscopic crystals of the q1D superconductor Na 2 Mo 6 Se 6
24 . In their model, the authors considered the crystal as a m × n array of identical parallel 1D filaments/nanowires, each of length L. This leads to a geometric renormalization of L to L ef f = Lm/n, where Lm is the experimental voltage contact separation on a crystal and n is the typical number of 1D filaments within the crystal cross-section. Quantum phase slips (QPS) in q1D superconductors may be treated in a similar manner. Although the exact nature of the crossover from TAPS to QPS is still under debate 62, 88 , models combining parallel TAPS and QPS contributions have been shown to reproduce superconducting transitions in q1D materials over broad ranges of temperature and disorder 31, 89 . We briefly outline such a model and its application to Tl 2 Mo 6 Se 6 below. A thermally activated phase slip must overcome an energy barrier ∆F , proportional to ξ(T ) = ξ(0)(1 − T /T * ) −1/2 and the length of the nanowire L. In a nanowire made from a conventional 3D superconductor, T * would correspond to the bulk mean-field transition temperature, whereas in the q1D superconductors which we are considering T * is the pairing temperature. The frequency of random excursions in the superconducting order parameter is given by a prefactor Ω(T ) which sets the time scale of the fluctuations. The LAMH contribution to the total resistance can be expressed as follows 90, 91 :
where the attempt frequency is given by
and τ GL = [π /8k B (T * − T )] is the GL relaxation time. Following a development of the energy barrier by Lau et al. 92 , we can write ∆F (T ) as,
where C is a dimensionless parameter relating the energy barrier for phase slips F to the thermal energy near T onset and is defined as,
Here, R q = h/4e 2 = 6.45 kΩ is the resistance quantum for Cooper pairs and R F the normal state resistance of the entire nanowire 93 . It can easily be shown that Eqn. 11 remains valid for q1D superconducting arrays rather than individual nanowires, subject to the replacement of R F by the total crystal resistance R N S and the crystal length L by the renormalized length L ef f .
Quantum phase slips (QPS)
QPS are expected to become relevant only when k B T < ∆(T ) 93 . Since Tl 2 Mo 6 Se 6 is a strong-coupling superconductor, we estimate that QPS should become applicable for T 0.9T p ≡ 5.3 K: comfortably within the T ons 3D < T < T p range in which we anticipate phase slips. For the QPS contribution, we used the following expression 62 :
where A Q and B Q are constants. In a similar manner to the TAPS contribution, we treat our crystals as macroscopic arrays of nanowires and rewrite Eq. (12) in terms of L ef f and the normal state resistance R N S of the entire crystal. Finally, the total theoretical R(T ) is calculated by considering a parallel combination of the TAPS and QPS components, with an additional quasiparticle contribution R N S as follows,
The solid curves in Fig. 6 show the least-square fits to our experimental R c (T ) data from 4.9 K to 5.9 K, using Eq. (13) with the fitting parameters T onset , L ef f /ξ(0), A Q and B Q . R N S = 0.0095 Ω is used for all the fits. The fitting parameters with the error bars are listed in Table 1 . In q1D superconductors whose resistance is influenced by QPS, A Q is expected to be of order unity, in agreement with our data. Crucially, the pairing temperature remains an unconstrained variable during fitting yet invariably yields values in the range 5.9-6.1 K, consistent with our observed T p . 
